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1. INTRODUCTION
Thin-walled steel sheets folded in one direction can be
connected along their longitudinal borders into a pla-
nar sheeting and, next, easily and effectively trans-
formed into shell forms as a result of assembling them
to skew directrices of a shell. The final shell shape of
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A b s t r a c t
An innovative method of shaping free architectural forms of buildings and their morphological systems roofed with com-
plex shells made up of folded steel sheets transformed from plane into shell shapes is presented. An interdisciplinary char-
acter of the paper results from the diversity and complexity of the considered issues. Complex morphological systems of the
buildings formed of integrated multi-segment shell roofs and plane-walled elevations are achieved with the help of the geo-
metrical method. The method demands to create a spatial parametric network composed of many complete tetrahedral com-
positions so that an architectural form could be consistent, attractive and easily adapted to various boundary conditions
including environmental conditions. The net and the algorithm of the method enable rationalizing the design and erection
processes. The systems proposed may provide the aesthetic and comfort of the developed built environment. The complexi-
ty of the geometrical forms of the buildings and the shape changes of the roof sheets transformed into shell shapes require
elaborating complex mathematic formulae and innovative computer programs aiding the process of shaping the free forms.
S t r e s z c z e n i e
Artykuł prezentuje innowacyjną metodę kształtowania swobodnych form architektonicznych budynków i ich systemów mor-
fologicznych zadaszonych złożonymi powłokami wykonanymi ze stalowych arkuszy fałdowych przekształconych z postaci
płaskiej do postaci powłokowej. Interdyscyplinarny charakter pracy wynika z różnorodności i złożoności rozpatrywanych
zagadnień. Za pomocą metody tworzone są złożone systemy morfologiczne budynków ze zintegrowanych postaciowo
wielosegmentowych dachów powłokowych i płaskościennych elewacji. Metoda nakazuje utworzenie przestrzennej, parame-
trycznej sieci złożonej z wielu pojedynczych czworościennych geometrycznych utworów pozwalających zbudować spójne
i atrakcyjne formy architektoniczne łatwo adoptowalne do zróżnicowanych warunków brzegowych w tym do istniejących
warunków otoczenia. Powyższa sieć oraz algorytm metody umożliwiają racjonalizację procesów projektowania i wznoszenia
swobodnych form budowlanych. Złożoność form geometrycznych budynków oraz zmian postaciowych arkuszy fałdowych
przekształcanych do postaci powłokowej wymaga opracowania złożonych formuł matematycznych oraz innowacyjnych pro-
gramów komputerowych wspomagających proces kształtowania swobodnych form.
K e y w o r d s : Buildings; Corrugated roof shells; Effective transformations; Integrated free forms; Morphological systems.
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the sheeting depends on a mutual position and cur-
vature of the directrices. The transformations are
effective if freedom of transversal width increments
of each fold of the sheeting is ensured. In this case,
the transformed sheeting is characterized by:
a) orthotropic geometrical and mechanical proper-
ties; b) big mutual displacements of the subsequent
folds; c) small strain; d) big deformations of fold’s
flanges and webs out of their planes.
Due to the above big displacements and effective
shape transformations, great freedom in shaping the
roof shell forms is achieved, so a variety of the archi-
tectural forms of the shell roofs and entire buildings
is really great. However, some important restrictions
of the sheet’s shape transformations have to be taken
into account. The basic one concerns the fact that
each effectively transformed fold is contracted in the
half of its span and stretched at its both crosswise
ends. Therefore, two or more complete corrugated
shell sheetings cannot be joined to each other along
their crosswise ends, that is perpendicularly to their
fold’s directions, to obtain one resultant smooth
shell. They can only be set up along their crosswise
ends Fig. 1, to obtain a ribbed roof shell structure
with regular edge pattern on its surface. Some innov-
ative computer programs aiding the design process
are elaborated because of the complexity of a mathe-
matic description of the geometrical models used.
2. CRITICAL ANALYSIS OF KNOWL-
EDGE
Simple shell structures composed of the corrugated
shells have been used in a few various architectural
configurations [1]. The structures are most often
umbrella roofs supported by very few columns [2, 3].
They are used for achieving: a) large spans, b) greater
architectural attractiveness, c) skylights letting the
sunlight into the building interior [4]. Adam
Reichhart has arranged the complete corrugated
shells, see Figs. 1, 2, on horizontal or oblique planes
as continuous ribbed structures [5]. Prokopska and
Abramczyk have been continuing the problems car-
ried on by professor Reichhart. They have proposed
a way of geometrical integration of shell roof forms
with oblique plane elevation walls to obtain the inno-
vative, attractive and multi-variant architectural
forms as morphological systems of buildings [6, 7].
Blaszczynski has presented principles of shaping
roofs of various shapes starting with planar hipped
roof ends [8]. Abramczyk has elaborated a prelimi-
nary version of a geometrical method of shaping shell
structures [9, 10]. The method allows to use:
a) oblique walls and columns [11], b) curvilinear
directrices [12], c) regular reference surfaces to
arrange regularly and effectively [4, 13] the corrugat-
ed complete shells in three-dimensional space, d)
lines of curvature on the reference surface [10], e) an
integration of the plane curved roof directrices with
oblique complex elevations composed of plane fold-
ed walls [4], f) lines of striction of warped surfaces for
modelling the complete shells to achieve effective-
ness of the sheet shape transformations [12, 8].
At the preliminary stage that is during assembling the
nominally planar sheets onto the roof directrices, the
neutral surface of each fold is transformed into a shell
shape, so initial effort and geometrical imperfections
of the shell folds appear and have to be taken into
account. Reichhart has designed corrugated shell
sheeting supported by very stiffen frameworks or pla-
nar girders with additional intermediate members and
roof bracings [14]. Such an activity is aimed at design-
ing the transformed folds as thin-walled beams with
open cross-sections simply supported at their ends
[15, 16]. His method does not take account of chang-
ing the cross-section shapes along the fold’s length
[12, 17] as well as various kinds of buckling because
the maximum degree of the fold transformation is
restricted [5]. The behavior of the corrugated hyper-
bolic paraboloid roofs under a characteristic load at
the service work stage is analyzed in [18, 19, 20]. The
co-operation between the corrugated hyperbolic
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Figure 1.
The simple shell structures arranged on the horizontal and oblique planes
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paraboloid sheeting and its structural system and the
influence of the co-operation on the balance state of
the entire free form building is considered in [3, 22].
A way of decomposing a load vector into directions
similar to directions of two any rulings belonging to
two various families of a hyperbolic paraboloid is
proposed in [21] by Egger, Fisher and Resinger. It is
assumed there that a set of the shell folds produces
an orthotropic continuous shell. However, the direc-
tions similar and perpendicular to the fold’s neutral
axes are not analyzed.
Reichhart has proposed a very general concept of
decomposing of the load vector acting on a warped
surface [5]. The concept enables decomposing the
load vector in the directions similar to the subsequent
fold direction.
The utilization of the folded steel sheeting for roofing
considerably improves the processes of building design
and erection due to: a) the unification of the folded
sheets, b) light, fast and easy transport, erection and
assembly, c) a possibility of easy adding various equip-
ments of the building including installations, d) ease of
mass production and prefabrication including manu-
facturing with help of so-called factory on wheels,
e) elimination of delays resulting from bad weather. In
addition, the sheeting is economic and recyclable
material, which enables protecting the natural envi-
ronment and controlling phases of roof damage as well
as co-operation with a building framework [20].
The profiled steel sheets can be manufactured as
folded panels with the help of the factory on wheels,
that is the technology and technique ABM MIC
worked up by US army [19], It enables enable achiev-
ing the great diversity in shaping free roof forms due
to the competent and effective shape transforma-
tions, which can lead to many innovative solutions in
terms of shape, strength and stability. The great pos-
sibility of shaping free forms is the reason of elabo-
rating the proposed original method.
3. AIM, RANGE AND MEHODOLOGY
The aim is to present the new method of shaping free
form building structures roofed with diversified sys-
tems of many complete corrugated shells made up of
folded sheets transformed effectively from plane into
spatial shapes. The issues presented are a continua-
tion of the analyses conducted by professor Reichhart
in terms of the shell roof sheeting [5, 14]. A general
definition of a system is adopted from [23], where the
system is an active integrity regarded as a group or set
of objects connected by a certain form of regular co-
operation or interdependences meeting required
functions. Following the method proposed bellow in
details, the main system here is defined as a building
system formed from: a) a set of such simpler systems
that are complete members whose work, effort and
stability have to be evaluated during designing,
b) complete covers of the roof and elevations.
Following the above general definition of the system,
it is established that: a) a complete roof shell is
regarded as a system of the effectively transformed
folds – simple supported thin-walled beams of open
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a
Figure 2.
The architectural model, framework, shell roof structure and control structure created during defining the building free form
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cross-sections, bracings and members supporting the
folds; b) a roof structure is a system of the complete
shells divided from each other by ribbing; c) a folded
elevation is a system of complete plane parts – walls;
d) the complete wall is a system of columns, beams,
bracings connected one to another; e) a final system
used in this work is a building structure – the sum of
the roof shell system and the folded elevation system
including a spatial framework stiffening the entire
system. The building structure is also called free form
building or complex building, Fig. 2.
The diversified systems of the roof structures created
by means of the proposed method can perform an
important role in shaping free building forms. They
define general forms of the entire complex buildings
and relationships appropriate for the integration
between the roof and elevation systems in terms of
shapes and mutual positions. In addition, defining
diversified relationships between the attractive archi-
tecturally free forms and the spatial forms of the nat-
ural or built environment configuration is possible to
achieve by means of the method. The innovative indi-
vidual and compound free building forms are shaped
with computer aiding [7, 24].
The concept of creating the systems is to employ a
spatial parametric control network, called control
structure, composed of many tetrahedral control
compositions, to control a general form of a building
structure [9, 11], Fig. 2. Each complete tetrahedral
control composition enables controlling the shapes
and integration of each complete shell and an inter-
nal building space covered with this shell, where
some border spaces may also be partially limited by
elevation walls. A mutual position and curvature of
two skew directrices contained in opposite faces of
each control composition affect a diversification of
the transformation degrees and directions of the sub-
sequent folds in the shell sheeting [10].
4. GEOMETRICAL SHAPING OF A ROOF
SHELL SYSTEM WITH THE CONTROL
NETWORK
4.1. The concept of shaping the network for the roof
shell sheeting
The main step in creating attractive complex forms is
to achieve a regular arrangement of many complete
roof shells, close to each other in terms of their
shapes, in three-dimensional space. In addition, the
net should make it possible to integrate a compound
multi-segment roof and folded oblique elevations of
the designed building with the help of directrices con-
tained in plane-walled elevations. The method should
enable composing the forms into the natural or built
environment. Finally, the method should lead to
achieving an attractive and effective free form of the
building meeting required important shape restric-
tions applied to the evaluated border conditions of
each shell fold in the free form. Thus, a parametric
description of the network is expected. The concept
of creating the network is presented in Fig. 3. It con-
sists in elaborating a parametric description of loca-
tions of vertices belonging to the control network and
roof border lines demanding relevant format of the
initial data. Thus, formulating an algebraic descrip-
tion of both the control net and shell structure ought
to allow to elaborate a parametric characteristics of
the designed building shape, which informs the
designer about the effectiveness and attractiveness of
the buildings.
4.2. Basic free forms
Initial vertex characteristics of free forms
The concept of creating of a spatial control network Γ
is presented on an example of a compound building
structure composed of nine complete internal spaces
roofed with a system Ω of nine complete corrugated
shells Ω ki,j. Each such an internal space of the building
is contained in one control compositionΓki,j (k ∊ {, p, L, r}; i = 1, 2; j = 1, 2, where  – empty
set for one of four groups of the control compositions
of the control structure; the group is investigated at the
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Figure 3.
The concept of using the control network
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beginning of the analyses conducted bellow) and
roofed with one Ω ki,j. Each Γki,j is evaluated with the
help of a tetrad of points: Hti,jk and Hwi,jk initially
adopted or constructed at the relevant stage of the cal-
culations. These points are called vertices of Γ.
The central control composition Γ1,1 of Γ is formed
from the tetrad of vertices: Ht1,1p, Ht1,1, Hw1,1L, Hw1,1,
Fig. 4a. To determine the positions of the above four
vertices, two skew straight lines ot1,1, and ow1,1 located
in distance dn1 and perpendicular to each other are
assumed. A straight line z perpendicular to ot1,1 and
ow1,1 intersects these lines at points St1,1, and Sw1,1.
Finally, the vertices Ht1,1p, Ht1,1 are measured on ot1,1
in the distances dt1p and dt1 from St1,1, and the vertices
Hw1,1L, Hw1,1 are measured ow1,1 in the distances dw1L
and dw1 from Sw1,1.
The lines ot1,1 and ow1,1 are called axes of Γ1,1.
However, the straight lines: h1,1(Ht1,1,Hw1,1),
h1,1p(Ht1,1p,Hw1,1), h1,1L(Ht1,1,Hw1,1L), h1,1r(Ht1,1pHw1,1L)
are said to be side edges of Γ1,1.
In order to obtain the vertices: P1,1, P1,1L, P1,1p, P1,1r of
a base rectangle of Γ1,1, the plane (x, y) ⊥ z is passed
through the point O located in the distance dp1 from
Sw1,1, see Fig. 4a. Finally, vertices: E1,1, E1,1L, E1,1p,
E1,1r of a spatial quadrangle B1,1 being the border of a
roof shell Ω1,1 are constructed on h1,1, h1,1L, h1,1p, h1,1r
in the distances dt1, dw1L, dt1p, dw1 from the above
points P1,1k (k ∊ {, p, L, r}). Values of all above
input data are presented in Tab.1. The above four val-
ues: h1,1, h1,1L, h1,1p, h1,1r were adopted so that the
resultant border quadrangle B1,1 is characterized by
two pairs of opposite segments of equal length to
obtain a central sector Ω1,1 of an oblique hyperbolic
paraboloid [1].
To determine the subsequent control compositions ofΓ, one should create new tetrads of vertices of Γ so
that all vertices of each tetrad cannot be coplanar.
One should also care of some vertices that they have
to be identical with the vertices of the control com-
positions created in the previous stages, here the ver-
tices of Γ1,1. In order to create a control compositionΓ1,2, a tetrad of vertices: Ht1,2, Ht1,2p, Hw1,2L, Hw1,2, Fig.
4b, is taken so that: a) Ht1,2p = Ht1,1; b) Hw1,2 ∊ h1,1,
Hw1,2L = ∊ h1,1L. Finally, it is assumed that
Hw1,2 = Hw1,1, Hw1,2L = Hw1,1L. To obtain Γ1,2 symmet-
rical to Γ1,1 towards the plane ξHt12p(Ht1,2p, Hw1,2,
Hw1,2L), the vertex Ht1,2 being sought has to be sym-
metrical to Ht1,1p towards ξHt12p. The transformation
related to the ξHt12 plane of symmetry is denoted as
LξHt12p, so Ht1,2 = LξHt1,2p(Ht1,1p). Thus, E1,2L =
LξHt12p(E1,1r), E1,2 = LξHt1,2p(E1,1p), Γ1,2 = LξHt1,2p(Γ1,1),
B1,2 = LξHt12p(B1,1). In addition, E1,2p = E1,1, E1,2r =
E1,1L, P1,2p = P1,1, P1,2r = P1,1L and P1,2L = (Hw1,2L,
Ht1,2) ∩ (x, y) and P1,2 = (Hw1,2, Ht1,2) ∩ (x, y).
The control composition Γ2,1 is created in the same
way as Γ1,2 so that a plane ξHw2,1p(Hw2,1L = Hw1,1,
Ht2,1p = Ht1,1p, Ht2,1 = Ht1,1) is used for transformation
LξHt12. Thus, E2,1p = LξHw2,1L(E1,1r), E2,1 =
LξHw2,1L(E1,1L), Γ2,1 = LξHw2,1L(Γ1,1), B2,1 =
LξHw2,1L(B1,1). All data used in the present example
are shown in Tabs. 2 and 3.
Table 1.
Factors providing the parametric characteristics of the network of the basic free form
Label Value [mm] Label Value [mm] Label Value [°]
dt1 = dt1P 3310.6 dh1,1 21827.3 γd1 90.000
dw1 = dw1L 2231.8 dh1,1p 18827.3 δ 2,2 -42.533
dn1 10500.0 dh1,1L 18827.3 δ 2,2p -7.0158
dp1 12500.0 dh1,1r 21827.3
Figure 4.
On the creation of: (a) a central control composition Γ1,1;
(b) a control composition Γ1,2 located orthogonally in Γ
a
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Here, Γ1,2 and Γ2,1 are located orthogonally in Γ, how-
ever, the next control composition Γ2,2 being sought is
located diagonally in Γ. A way of creating Γ2,2 is dif-
ferent from the one used for Γ1,2 and Γ2,1 because the
locations of its two vertices are known: Hw2,2L = Hw1,1,
Ht2,2p = Ht1,1, see Figs. 5b, 6a. The vertices Ht2,2 and
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Figure 6.
On the creation of: (a) a control composition Γ2,2 located diagonally; (b) other control compositions located symmetrically towards
the axis z in relation to the compositions Γ1,2, Γ2,1, Γ2,2, Γp2,2
Figure 5.
On the creation of: (a) control compositions Γ1,2 and Γ1,2 located orthogonally; (b) a control composition Γ1,2 located diagonally in Γ
a b
a c
b
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Hw2,2 being sought have to belong to h2,2L = h1,2 and
h2,2p = h2,1, respectively. Because Ω 2,2 is to be a cen-
tral sector of an oblique hyperbolic paraboloid, then
the border quadrangle B2,2 has to be characterized by
two pairs of opposite segments of equal length:
E2,2E2,2p = E2,2LE2,2r and E2,2E2,2L = E2,2pE2,2,
where E2,2L = E1,2 and E2,2r = E1,1r. For this purpose,
the respective activities leading to obtaining the point
E2,2 have to be performed. In order to obtain the
entire control structure Γ, see Fig. 6b, the following
relations have to be met: a) ΓL2,1 = Oz(Γ2,1);
b) ΓL2,2 = Oz(Γp2,2); c) Γp1,2 = Oz(Γ1,2); d) Γr2,2 =
Oz(Γ2,2), where Oz is a rotation about the z axis by an
angle equal to 180°. The way of creating Γp2,2, see
Fig. 6b, is similar to the one used for Γ2,2, however,Γp2,2 is different from Γ2,2 created earlier.
Co-ordinates of vertices of Γ can be calculated from
the below relationships
E2,1L = E1,1, E2,1r = E1,1p, P2,1L = P1,1, P2,1r = P1,1p,
E2,2L = E1,2, E2,2p = E2,1, E2,2r = E1,1, P2,2L = P2,2,
P1,2p = P2,1, P2,2r = P1,1,
Ep1,2 = E1,1p, Ep1,2L = E1,1r, Ep1,2p = Oz(E1,2L),
Ep1,2r = Oz(E1,2),
Pp1,2 = P1,1p, Pp1,2L = P1,1r, Pp1,2p = Oz(P1,2L),
Pp1,2r = Oz(P1,2),
Ep2,2 = E2,1p, Ep2,2L = E1,1p, Ep2,2r = Ep1,2p,
Pp2,2 = P2,1p, Pp2,2L = P1,1p, Pp2,2r = Pp1,2p,
EL2,1 = E1,1L, EL2,1p = E1,1r, EL2,1 L = Oz(E2,1p),
EL2,1r = Oz(E2,1),
PL2,1 = P1,1L, PL2,1p = P1,1r, PL2,1L = Oz(P2,1p),
PL2,1r = Oz(PL2,1),
EL2,2 = E1,2L, EL2,2p = E1,1L, EL2,2L = Oz(Ep2,2p),
EL2,2r = EL2,1L,
PL2,2 = P1,2L, PL2,2p = P1,1L, PL2,2L = Oz(Pp2,2p),
PL2,2r = PL2,1L,
Er2,2 = E1,1r, Er2,2L = EL2,1r, Er2,2p = Ep1,2r,
Er2,2r = Oz(E2,2),
Pr2,2 = P1,1r, Pr2,2L = PL2,1r, Pr2,2p = Pp1,2r,
Pr2,2r = Oz(P2,2),
Ht2,1 = Ht1,1, Ht2,1p = Ht1,1p, Hw2,1L = Hw1,1,
Ht2,2p = Ht1,2p, Hw2,2L = Hw1,1,
Hpt1,2 = Ht1,1p, Hpw1,2 = Hw1,2, Hpw1,2L = Hw1,2L,
Hpt1,2p = Oz(Ht1,2),
Hpt2,2 = Ht1,1p, Hpw2,2L = Hw1,1,
HLt2,1 = Ht1,1, HLt2,1p = Ht1,1p, HLw2,1 = Hw1,1L,
HLw2,1L = Oz(Hw2,1),
HLt2,2 = Oz(Hpt2,2p), HLt2,2p = Ht1,1, HLw2,2 = Hw1,1L,
HLw2,2L = Oz(Hpw2,2),
Hrt2,2 = Ht1,1p, Hrt2,2p = Oz(Ht2,2), Hrw2,2 = Hw1,1L,
Hrw2,2L = Oz(Hw2,2).
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Table 2.
Co-ordinates of the roof and elevations edges vertices of the basic free form
Point x – value [mm] y – value [mm] z – value [mm] Point x – value [mm] y – value [mm] z – value [mm]
E1,1
E1,1p
E1,1L
E1,1p
E1,2
E1,2L
E2,1
E2,1p
E2,2
Ep2,1p
10373.9
-9489.7
9489.7
-10373.9
25036.9
27369.5
9489.7
-10373.9
29067.4
-28974.1
9225.2
8629.2
-8629.2
-9225.2
8629.2
-9225.2
24395.6
26080.6
26269.0
26982.4
20402.1
17598.0
17598.0
20402.1
6711.9
8501.8
10578.5
12897.8
6580.0
5414.5
P1,1
P1,1p
P1,1L
P1,1p
P1,2
P1,2L
P2,1
P2,1p
P2,2
Pp2,1p
3941.2
-3941.2
3941.2
-3941.2
16290.0
16290.0
5457.2
-5457.2
19496.9
-20732.8
4888.7
4888.7
-4888.7
-4888.7
6394.2
-6394.2
16710.1
16710.1
19889.3
21223.5
23000.0
23000.0
23000.0
23000.0
0.0
0.0
0.0
0.0
0.0
0.0
Table 3.
Co-ordinates of the control network vertices of the basic free
form
Point x – value[mm]
y – value
[mm]
z – value
[mm]
Ht1,1
Ht1,1p
Hw1,1
Hw1,1L
Ht1,2
Hw2,1
Ht2,2
Hw2,2
Hpt2,2p
Hpw2,2
-3310.6
3310.6
0.0
0.0
-8734.4
0.0
-11337.6
470.4
10160.7
-353.1
0.0
0.0
2231.8
-2231.8
0.0
6309.5
-665.2
7206.1
-364.4
6982.4
-2300.0
-2300.0
-12500.0
-12500.0
-19202.3
-14315.5
-21199.8
-13081.4
-20296.7
-13389.3
a
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It is worth stressing that the control compositions
located orthogonally or diagonally in Γ do not have to
be congruent to each other, so the form of the final Γ
and Ω can take unsymmetrical shapes [11, 13]. Thus,
the possible shapes of Ω may be really free, innova-
tive and diversified.
Shape characteristics expressing visual attractive-
ness of building free forms
On the basis of the analyses conducted in the previ-
ous part, the following variables can be taken into
account as independent factors in the parametric
shaping of the control and shape structures: a) the
parameters dni,j, dti,jp, dti,j, dwi,jL and dwi,j describing the
mutual position of the vertices Hti,jk and Hwi,jk of the
control structure Γ, b) the parameters dpi,j describing
the mutual position of the vertices Pi,jk of the free
form’s base plane, c) the parameters dEi,jk describing
the position of the vertices Ei,jk of each complete roof
shell border line Bki,j.
The above parameters give the initial characteristic
of Γ or Ω, which is less intuitive in terms of the visu-
al attractiveness of the free form. Therefore the
method proposes a new characteristic of Ω, which
expresses the shape attractiveness of the free form. It
is named shape characteristic of Ω.
A new application for Mathcad [25] was written to
obtain the shape characteristic of Ω on the basis of
the adopted initial data characteristic. It should be
useful in searching for: a) fine shape proportions of
the designed free forms, b) sets of initial data, which
ensures the great attractiveness of the free forms in
terms of their shape proportions. Considerations
related to dependences between the input data,
describing directly locations of roof and elevation
vertices, and the shape factors go beyond the scope of
the paper because of the volume of the paper. They
are provided to perform in next author’s papers. The
relationships should help designers carefully to select
the initial data pursuant to the planned aims – the
inner or outer border conditions.
The main factors producing the parametric shape
characteristics of a building free form are as follows:
a) factor wsp1 = hMAX / hMIN describing the proportion
of the height of the entire building and the height of
the nearest point of a roof; b) factor wsp4a = hMAX /
dxMAX expressing the proportion of the height to the
span of the entire building due to the x-axis direction,
Figs. 4, 5; c) factor wsp4b = hMAX / dyMAX describing
the proportion of the height to span of the entire
building due to the y-axis direction; d) factor wsp5a =
dxMAX / dpxMAX expressing the proportion of the span
of the building in the direction of the x-axis to the one
of the building at its base due to the same x-axis
direction; e) factor wsp5b = dyMAX / dpyMAX expressing
the proportion of the span of the building in the
direction of the y-axis to the span of the building base
due to the y-axis direction.
The values of the above main shape factors for the
simple form, Fig. 4a, and for the compound one, Fig.
6b, are shown in Table 4 and Table5, respectively,
where σ i,j – angle of the inclination of hi,j,k to the ver-
tical, ωi,j – angle of the inclination of the relevant
plane of Γpi,jr to the vertical. Another shape parame-
ters may be used to evaluate the free form’s attrac-
tiveness in more accurate manner.
4.3. Derivative free forms
The free form presented previously is the basis of cre-
ating some derivative forms. The derivative free
forms are shaped as a result of displacing or rotating
the selected side edges of the basic free form in cho-
sen planes of its control structure.
The basic form is covered by the continuous shell
structure, Fig. 6c, whose individual shells are divided
by shared edges locally disturbing the smoothness of
the structure but forming a regular pattern on the
roof. In addition, the elevations have as simple shape
as possible – not too much folded.
The first derivative form is constructed as a result of
displacement of the selected vertices belonging to five
roof border quadrangles Bmi,j located diagonally in Γ,
see Fig. 7. The selected vertices are displaced along the
relevant side edges hi,jk in the equal distances.
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Table 4.
Shape characteristics of the free form defined by control
composition Γ1,1
Table 5.
Shape characteristics of the entire compound free form
defined by control network Γ
Label Value Label Value Label value
wsp1 0.863 wsp5a 0.983 σ1,1 20.819
wsp4a 2.632 wsp5b 1.106 ω1,1 = ω1,1r 17.500
wsp4b 1.887 ω1,1p = ω1,1L 12.000
Label Value Label Value Label Value
wsp1 0.265 σ 1,2 53.3708 ω 2,1 35.999
wsp4a 1.443 σ 2,1 39.3675 ω 2,2 51.271
wsp4b 1.295 σ 2,2 60.227 ω 2,2p 34.179
wsp5a 0.352 σ 2,2p 61.696 ωp2,2p 34.266
wsp5b 0.383 ω1,2 52.499 ωp2,2r 51.119
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For such a modified free form the parametric shape
characteristics proposed in the previous part can be
improved and extended by new shape factors, for
example describing the proportion of the roof dis-
continuity areas intended for windows to the area of
the entire shell roof. Propositions of such additional
shape factors go beyond the scope of the paper
because of the volume of the paper.
The second derivative form, see Fig. 8, is created as a
result of: a) the translations of all vertices of the cen-
tral sector border line B1,1 of the previous form along
the relevant side edges of Γ1,1 in the equal distances,
b) the translations of the selected elevation side
edges along the chosen axes so that these side edges
will be contained in the planes of the control compo-
sitions Γ1,2 and Γ2,1.
It is possible to shape the roof directrices as curves,
so the roof shells can be modelled with doubly-
curved warped surfaces different from central sectors
of ruled paraboloids, Fig. 9, however, their lines of
striction have to pass crosswise their rulings [10, 13].
The directrices can also be moved, scaled and rotat-
ed in planes of Γ to improve the diversity of the free
building forms. Multi-variant usage of these innova-
tive forms as public utilities, sport centres, entertain-
ment objects seems to be really attractive and
improve the comfort of the people’s life [6].
The detailed algorithm of creating the derivative free
building forms is not presented because of the vol-
ume of the work. In the near future, the authors are
going to create websites presenting the method of
shaping such complete free forms covered with cor-
rugated shell roofs and complex morphological sys-
tems of these individual forms roofed with shell struc-
tures. 
5. STRUCTURAL SYSTEMS PROPOSED
FOR THE FREE FORM BUILDINGS
To create a hyperbolic paraboloid roof shell as a set
of effectively transformed folds, the folds should be
regarded as simply supported thin-walled beams hav-
ing open cross-sections, where the followings are
used: a) additional bracings and intermediate mem-
bers transversally supporting the subsequent shell
folds on their length, Fig. 10, b) short folds, Fig. 11, 
c) freedom of the fold’s width increments, 
d) a restriction related to the maximum transforma-
tion degree of each subsequent fold [10]. A service
work of the effectively transformed shell folds under
a characteristic load at the next stage of loading is
much more complicated and needs a wider descrip-
tion, so the relevant issues go beyond the scope of the
paper.
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Figure 9.
The innovative architectural forms roofed with shell structures and having folded elevations
Figure 7.
The first derivative form
Figure 8.
The architectural form of the second derivative form
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Folded sheeting is transformed from its nominal
plane shape and adapts its shape to a mutual position
and curvatures of two skew directrices so that its
crosswise borders pass along these directrices. In
order to obtain a hyperbolic paraboloid shell limited
by a spatial quadrangle, two straight directrices are
employed, Fig. 8. The composition of two complete
smooth shells along their crosswise ends does not
allow to obtain one smooth shell because of the
extension of the opposite crosswise fold’s ends and
contraction in a half of its span. However, an edge
structure can be created as the result of this compo-
sition, Figs. 10, 11.
Two complete shells used for achieving a continuous
ribbed shell are frequently supported by two parallel
directrices passing crosswise their borders. The direc-
trices create one stiff spatial girder, Fig. 11.
Additional members and bracings are also used for
stiffening the entire roof shell system including the
longitudinal border bracings of each shell.
Because plane flanges and webs of the transformed
folds are bent out of their planes, then initial geo-
metrical imperfections appear [3, 19], so the work of
such a transformed sheeting is different from the
work of a plane diaphragm [26, 27]. Therefore, fur-
ther experimental and numerical research on an
influence of these imperfections, the co-operation of
the adjacent folds in the sheeting as well as frame-
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Figure 10.
The structural system of an edge structure composed of four smooth hyperbolic paraboloid shells
Figure 11.
The structural system of a complex building form roofed with hyperbolic paraboloid shells
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work stiffness on the strength and stability of the roof
sheeting and the structural system of the entire build-
ing are advisable. Because of the lack of the relevant
research, some additional members producing spatial
frameworks stiffen by additional wall and roof brac-
ings, Fig. 11, are used [5].
Some specific spatial rod constructions are shaped to
stiffen the joints between roof girders and wall
columns and between the adjacent columns in a wall,
Fig. 11. The stiffness of the joints between the mem-
bers and sheeting may also be investigated [18].
Each effectively transformed fold is treated as a
beam simply supported at its ends and being charac-
terized by open cross-sections if some border condi-
tions are preserved [5, 10]. The initial transforma-
tions being the result of supporting the folds onto the
directrices are taken into account only. For the most
such transformed shells the torsional transformation
is dominated and a crosswise bending transformation
is unimportant. Longitudinal force N(y), shearing
forces Qy(y), Qz(y), bending moments Mx(y), Mz(y),
bimoment B(y) and bending-torsional moment
Mω (y) are taken as equal to zero at this initial stage
[16].
The shear stress corresponding to the torsion of open
cross-sections linearly varied across the fold wall
thickness can be calculated with
where y – coordinate compatible with the direction of
the fold neutral axis; t – thickness of the walls; Msv(y)
– the Saint-Venant’s torsion moment defined over the
cross section of the fold; Jt – geometric stiffness for
the Saint-Venant’s torsion of the cross section, G –
module of elasticity; θ(y) – angle of rotation of the
fold cross-section with respect to the axis x; βM(α)
function of the twist angle α, taking account of the
twist deformations of the shell fold’s walls [5, 10]. The
experimental and numerical researches on the func-
tion βM(α) are presented in [10], where it can be seen
that values of this coefficient are much smaller than
1, if the fold’s transformations are really effective. 
Advanced analysis of strength and stability of the
effectively transformed sheetings is advisable. Initial
attempts on creating numerical models of the effec-
tively transformed thin-walled steel sheets were start-
ed. Orthotropy being found in mechanical properties
of these sheets produces many troubles in exact
description of the compound state of stresses appear-
ing in each shell fold under loading. Because of the
lack of the relevant researches and analyses, it seems
to be advisable to treat the effectively transformed
shells like the panels of fourth class corrugated in one
direction [19, 27]. In addition, the maximum trans-
formation degree should be limited and geometrical
imperfections of the transformed shell sheetings have
to be discussed [5, 12].
6. CONCLUSIONS
The innovative method proposed for shaping the aes-
thetic multi-variant systems of the free form building
structures composed of many complete corrugated
warped shells arranged regularly in three-dimension-
al space to produce is proposed. The systems can
make the interdisciplinary processes of design and
erection of the buildings more efficient. As a result of
these processes, the innovative and attractive free
forms easily adapted to the natural or built environ-
ment are created. The interdisciplinary process of
design is aided by the specific multi-variant spatial
nets of many tetrahedral compositions depending on
anticipated border conditions including environmen-
tal conditions. The erection process is rationalized
due to an easy, fast and predictable design, transport,
manufacturing, assembly and effective shape trans-
formations of the profiled sheets.
The method takes account of the geometrical and
mechanical restrictions related to the orthotropic
properties and shape transformations of the rectangu-
lar folded sheets. An extension of the method for the
curved roof directrices and warped shells is very simple
in conception but it requires further empirical and
numerical researches as well as analyses related to geo-
metrical and structural relationships between various
elements of the investigated morphological systems.
The proposed specific frameworks of the building
structures shaped by means of the method are very
stiff due to the additional members and bracings stiff-
en the shell roof and elevations. 
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